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Sheavesas étale spaces É It
Inverseimagesheaf II 9 MM X space no GTX Set

Pshx ON Set
SHEAVESASÉTALESPACES presheafcategory of

presheques ourX
Themoralofthestoryhereis that sheaves over sometopological spacecanbethoughtof
asbeingthesameas acertaintypeofbundleoverthat space
Let'sdo some reviewandsetup first
First what is it wemeanwhenwesay bundle

dfe Let XE Top Objects ofthe slicecategory TMX arecalled BUNDLES OVERX

sometimes denoted BundX continuousmaps piY X and f p p EM
Y I YLetp Y X bea bundle over X is suchthat
Pby Ip

A cross SECTION ofa BUNDLE P is a continuousmap S X Y sit

ps 1 IF I

crosssection an arrow fromex X X to p Y X intheslicecategory top X

We can alsodefinewhat itmeansto take thecrosssection over a singleopenset Infact the
bundlerestrictstoeachopenset

If UE O X consider ply P p'll U a bundle over 6

Then wehavethefollowing pullbackdiagram in Top

p Ut y
i corresponding inclusionmapsPu fi

p

Sheaves as étale spaces and the inverse image sheaf



A cross section ofthe bundle Pa is called a
CROSSSECTIONOFTHE

BUNDLEP OVER U s U Y s t
ps i y I P

Ultimately inthistalk one of thebig punchlines is the factthat sheaves our X

canbe regarded as a special typeofbundle and viceversa
Let's startby describing

how a bundle overX determines a sheaf our X

def Letp Y X be a bundle and UE O X Define

Tp O x Set by

UE Oct um TpU s s U Y psi U ex
VE U E OA m Fpu Tpv by restriction

ET Tp is a sheaf
Ew Checktheconditionsdirectly

Ppis called theSHEAFOF CROSS SECTIONS oftheBUNDLEP
sometimesuseTY Tp

Wehaveevenmove foreach bundle we have a sheafandmapsofbundles induce

mapsof sheavesby postcomposition So we actually havea functor

def Let P BundX Sh X be definedby
p p Tp

f p p EBundX tf Tp Tq rat tans where

Y Y
Tt Tpa TqU fr U E O x

ptyp
s U y Us y y



ExCEerings I X AxeX Fopenubud UE ON tell st p ll Ui for Uie ok

andeachUi is mapped homeomorphicallyonto U byp
local homeomorphism in a strongsense

Manymoreexamplesof bundles e.g principal Gbundlesdiscretebundles

Now we can associate a bundletoeachpresheaf over X

Todothatwehave to definethe germ ofa function
Incomplex analysis twoholomorphicfunctions aresaidtohave the same germ at a point if
theirpowerseriesexpansionscenteredaround a arethesame

Fr realvalued functionstwofunctions havethe samegem ata point x iftheyagree in some

openneighbourhood of x Inthiscasehavingthesamegermat x meansthefunctionstake on thesame
valueat x

Wecandefine this property which isactually anequivalence relation forany presheaf owe a topological

space

defLet P O X setbea presheaf xeX x ell V withUVE Oct and sePUtePV
Then s n t

s and t havethesamegemat x
if 7 NE UNV WEO X tew sf

SW Hw e PW

FactThis is an equivalencerelation

Theequiv class ofany one such s is calledtheGERM of s at x denoted germs

Pic Us Ue ON x ell se pu In iscalled the STALK ofPat x

germ s
SEPU XEU E O x

Pat colinPU
XEU



We are almostready todefinethe fact but wehave tothinkaboutwhatwewilldo
to morphismsofpusheaves so if I have a natural transformation whatmapof bundlesdo Iget

Let h P Q EPshX so it is anaturaltransformation fromthefunctorPtothefactorQ

Then wehavethefollowingdiagram
pu

ha
au

y

h
I game

germx germ

hegerms germy hus EQ

factor set set
p Pac

h h
takethegerm at x

Andactuallywecan extendthisidea to notjustsingle stalks butto a bundleofstalks
So we'regoingto associate a particularbundletoeach presheaf and wewilldo it functorially

defLet 1 Set PIX bedefinedby

peseta m AP Ap the allgerms
fifysietimescalled the ÉTALESPACE of

hp a eset m Ah thx Px Q

Ah Ap A a

EquipApwiththetopology given bythebasis

Buis germy s tell Ue out se Pll

sometimescalled the ÉTALE Topology openset inAp is a union

of images of 8 asbelow



Whyis Ap a bundle

DefineIp Ap X by

germiest x this is justthecanonicalprojection

Let s EPU m s U A

K 82 germ S
X E U

By definitionof Ip s is a section of Ip
in sepy tied j U It

By thedefinitionoftheétaletopology then wehavethat
S is continuous f UEOct open map

andmonic 5 U ill is a
homeomorphism

Ip is continuous

o Ip Ip is a bundle over X
So fr a presheafP we defined a bundle overX amesponding toP Wealsonotice
that the projection Ip is a LocalHomeomorphism inthesense thateach pointof

Ap has an openabled which is mappedby Ip homeomaphically onto an
opensubsetofX What do I mean

Each germ s has open abled gu
Filsu inverseto 5 U su

IpIsu is a homeomorphism to U

So thisbundlehas a special property that locallythe larger spaceis a minorimageof
thebase space Thistypeofbundle istheone corresponding to sheaves overX and

are called étale bundles or
spaces



def Abundle p E X is called ÉTALE when it is a localhomeomorphism inthe

following way
fee E F VGOCE with ee VE E s t.pl EOCX and

ply V PV is a homeomorphism

coverings

Remark If p E X isétale UE Ox

E L E Eu U

p ft
is étale over A

u
A sectionofEwillalways meana section
s of Eu for someopenU s U E

st ps UEX

Now we haveall the necessaryingredientsfor thefollowingtheorem
Theoremb

Top y set At T

for Tand A as previouslymentioned i.e

P f a th sheafofcrosssectionsof f Y X

A P Ap étalespaceof a puresheafP
Thereare nat transformations

0

Up P TAP unit

and o

Ef Atf f count

suchthat at p



proof Ida
T A ane functors

77 se PU 8 U Ap
Ue o X z n gem s

sincetherestriction
operator commutes

with1 we havethath
is a nattrans

Ef Aff f
m

everypoint
isoftheform 8 x germs for some EXand

somecrosssection s U Y

M EgSk SK E Y X E U S E TfU
Tocheck

independenceonrep ofgerms
Ef is continuous ie a mapofbundles
naturalinY

Theadjunction check it Hw

Verifythat pÉÉÉ
and

I.FI I
Letf YX beabundle se Ill acrosssectionThen

TIFFT
s s s IEEE

germs is germs six germ

Prof If P is a sheafthenhp is an isomorphism

poof checkthat it is injectiveand surjective
us Usedefinitions I



Ppf If f Y X is étale E Etalex E Bundy then Ef is an iso

t full subcat consistingofétalebundlesMI
Inverse

Of F Atf
whereOfy six Ggerms E Atf

for xexwithfye x s U Y e sa y
scat is a anaemia

Bydefinition ofétale fandallitssections areopenmaps If sandt

Of is continuous

Of is the inverseof Ef bydef Et Sx sa EY icedsettle

11

KI T and A restrictto an equivof categories

Sh X É EtaleX

There'salso a moregeneralresultthat I won'tstatehere when an adjunction restricts t an
equivalence of subcategories andthose
subcategoriesarealsospecial inthattheyare

negative
and conchie

inclusionfunctor

hasa leftadjoint
ShX C OH ISREFLECTIVE

Sowhatdoesthisadjunctiongiveus



E Given sheaves F GEShCX a morphismh F Gofsheavesmaybedescribed

in anyone ofthefollowing 3equivalent ways as a

o hat trans FIG
Cii cont map In AF AG of bundlesoverX

s f F Uopenand se FU theCiii family ha F G
fiberovereach EX

function x hatsx is continuous UAG
This leads to a veryuseful result

PropI Amap h F G esh X isepic resp monic off UrEX hic Fx Gx
themapofstatus is surjective resp injective as asetmap
Theproofinthebook uses an adjunctionbetween thestalk functor andthe socalled

stalk Shu set
sky set sax
shaperfund F

F Fat glimFUA SkyCA an
t if itll

1 else
I

pet

FideachxeX stalk 1 Sky



2 Inverseimagesheaf II9

defLet f X Y be a continuousmapofspaces Let F be a sheaf our X
Thedirectimage of Funderf istheinducedsheafon Y

f F V F f V foreachVEOCY

Fft O Y Set
notethat for USV in OCY and se FFV wehavethat

FF UeV s Ff U E f v s

m f ShX shy isa factor
ThequestionWhatabout theotherdirection

IE Letp E Y bea bundleand f X t continuous map of spaces Then thepullback

ofpalongf ft istheusual pullbackin Top Notethatthe pullback yields a bundle

ft E X

and ft Bundy Bundy is afund y
PROP4.5 M YS

étaleispreservedunderpullbacks

LemmIThepullbackofan étalebundle along a continuousmap is alsoétale
proofthefowling pullbackdiagram fiberproduct

t E X y E Ee
By

fromthe
firstseminar

p I P caristain

IIBy in C C D C B

Now consider
any point inthe pullback

Ese
e E f E pullbackdata

iceX and et E where fr pe
As p is étale

F ubud Uaf e st Plais a homeomorphism
Thendefine preimageofopen

V ftpU x U
V is an open ubud of x e inthe product Xx E

U n XXyE is
open in inducedtopology onXeyE andis mapped homeomorphically onto

f pll EX
ftp is a local homeomorphism I



Eachcontinuous f X'T gives a functor Sha Sha via equivalenceof
categories EtaleXand Sh X

Frat considerthepullback functor ft as before
Bytheequivalenceofcategories ShX EtaleX then weget

SUCY Etaley Etale X Sh X
7

ft
def If G is asheaf on Y thevalue f G ESh x iscalled the INVERSE IMAGE of
G underf

usefulfor theinvimage directimage adjunction nextprop
somemoreremarks Bydeft it isdeterminedby itsétalebundle bythepullback

Af G AG

Bythepullback t
U AffGstory

d

ya

Applytheequivalence
TU RAAG e sup y

r

Yonedaembedding Yy O X f U gut G
F te G U
For

any open U
EX a section te Lf G U of theINVERSEIMAGESHEAF can

thusbedescribed by deftofa pullback as a continuous map

t U AG sit
pt flu U Y

AKA a section t corresfonds to a LIFTING t to Ab ofthe
map f U Y ie

yo t ÉÉ7É
I p

U Y



In PARTICULAR If VEY is OPEN and SEGEV obtain a SECTION

8 V AG sy germy
s yeV

Hence by COMPOSITION get amap t as in I therefore
bythe pullback

a SECTION

t f V If G

Specifically by thepullback t a point of Alf G is of the form
x germy

s where xex and

I germfe s E AG fac

Writingpointsof Ilf G as such pairs we can write to as thegermof some
in explicitly as SEGV forsome

tsca x germy s for ice f V opennbhdVEYof
f x

Since If G X is étale the imageofeach section ts f V Ilf G
is OPEN Also fr all open KY andall se GV the imagesofeachsection cover
If G Thisholds becauseof since

every pointof AFG hastheform
x germy s for some nands

If T is a topological space
K Af G T function

th
k is continuous Kots f V T is continuous

fr everyV and s

continuous continuous oneach section

used intheproofofthefollowingthen



Inverseimage directimageadjunction

MI t X Y continuous

The inverseimage functor ft is left adjoint to thedirectimagefunctor

shxtStacy ft if

proof Guite long 61 pageoftext so maybewillgive a pipelineoftheideas
used intheproofinstead

LetFeSUX and GEShY

GEE ShX AG F E ShCY G F
natural inboth FandG

Reminiscentofthesheafmorphismequivalentdefs in corollary 6 5

ShX If G F Etty If G IF a

E K If G AF 12

ShY Gif TAF
s

E ShY G F 4

Et Af GAF setofmapsofétale bundles overX
G holdsbythe categoricalequiv between sheaves and étalebundles

Sidenote Theconstructions
willmakeit dearthattheisos
arenatural inFandGIt shallGFRAF SKY G F F

Thisholdsbythefactthat F is a sheaf Theunit 12 F TAF is an isomorphism

Thencomposewiththeinverseof f 12 fi FI fiFAF

I EtyAFG IF EK If G A F k isyettobedefined

If K AFG AF K Afg AF I t VeOct seGCU Kots f V AFG IF
CONTINUOUS

FUNCTIONS CONTINUOUS ON sections
tomaboveremark

Bythe preceding remarks Continuous continuous oneachsection then It holds
EtyAFG AF I k Af G A F



RI KEGG AF I Sh Y G ERAF
method byconstructing maps showingtheyare mutually inverse I

lefttoright KCAFG AF Sh Y G TIF
Given K AFG AF EKEGGAF define

t G f RAF by

directimage
Ve OCY mo ta ay x

y
bydeft ofthe

is st S ta s

for ts as in the remarks

f V AG
K

tells
As K is continuousbythe statementintheprecedingrema
continuous t Vis
Each Tolls is continuous

righttoleftSh Y G TIF KCAFG AF

Lef t G ftp.AF bea naturaltransformation
Recall fromthepreceding remarks that a pointof 1ftG hasthegeneral form x german s

fr se GV for some VEOCY st fax E V Dein
Define a function

Aftg AF as follows

Kt x game s Tv s x

It iswelldefined doesnotdepend on seGV chosen to representthegem
germy 8



RECALL
K AFG AF K AFG AF I t VEOct SEGUI Kots f V AFG AF

IS CONTINUOUS

Want to show K E KC1ftG AF

To this end

If VE OCY Copen in Y
seGV thenby the precedingremarks specifically by

tsca x germy s for ice f V

Then

CK o ts a Kt e germy
s

Tv s x t

M Kt ts Tuls is a continuousmap F'CV AF

KeekAFG AF

Theyare MUTUALLYINVERSE KCLIF G AF Sh Y G TIF
k Tu

Lett G RAF be a naturaltransformation K T t

Thenforany open VEOCY and any SE GV
BY DEFINITION Tey s Kt o s

Tv s by
G

Ontheotherhand suppose K 1ft G IF Ek Forany point x germen s E 1ft

Keen x germen s Tu s x bydefinitionofKt
Kots x by definition of tu



KCts x

K x germtexts by again

Themaps K Tre and the Kt are mutually inverse andso theiso 171 holds

11

Proposition 410 Let f X Y bea continuousmapofspaces Theinverseimagesheaf functor
3min ft Sh Y ShX preserves allfinitelimits

prooff
theproofrecipe

Usetheequivalencesua Etalex

toreducetheproblemlandintheslicecat
Therestrictionofthepullbackintheslicesheaves over a spaceX thentheinverseimagesheaffunctor categoriespreservesallfinitelimits
ithasaleftadjoint

ft ShY Sha is a pullbackIItiilitatiIiiit presence www.t t l iaei
EtalexeBundy topx is

terminalon

bythefinite limits
equivof
cats Alsonotethat ft is therestrictionofthepullback in the slice categories

TOP
x BundX and Top

y Bundy

top TopA

in fix
EtaleY I

EtaleX

Imai ft Toph TPA has a left adjoint If composewith f and so

preservesall finitelimits

Remains to show Etale X E TOP X is closed underfinite limits theinclusionfunctor
preservesfinitelimitsShowthisbytheequivalent characterization

C has finite limits É i binaryproducts
2 equalizers
3terminalobject



1
Binary products

Suppose both E X and E X are étale over X
Their pullback EYE ETop is their product in topIX
Bythe lemma at the beginningofthissection this pullback

E x E is étale inX
hence it is also the product ofEand E in EtaleX

EtaleX is closed under binary products

2 Equalizers

If f g E E E EtaleX are mapsof bundles Equali er in too isalsol
etale in X

1
Anexcise

q E
f

E
g

I'thxt
Theequalizerof fig EEE Ifeel gle GE

3 Terminal object

What'sterminal in TopIx id X X it's a slice category
And

clearly id E EtaleX

EtaleX E TopX is closed under finite limits ft preserves finite limits

I


