
Recall Alattice is a posetthathasallbinaryproductsand coproducts whenviewedasa category
asetwith 2distinguished elements I T andtwo associativeand commutative

binaryoperations Aand V sit
meet join x roc x x Vx x idempotent

T A X X L VL x

x a Cy V x x ay V x absorption

AHeytingalgebra is a Cartesianclosedposetwithall finiteproductsand coproducts

a latticewith t and T such that forany pairof
elements

x y there is an exponential ye x y
characterized by theadjunction

z e x y iff Z ix e y

Fast Theimplication in a Heyting algebra satisfies

i x x T The equationat
12 an ex y song identitiesofa
3 y 1 Cx y y

x Cy n z x y n uz

Heytingalg

Now we willhead in adifferentdirectionandthinkabout latticesandHeytingalgs
thatexistwithin a categoryotherthan Set

C category withfinitelimits

def A

LAIL
OBJECT INTERNALLATTICE in C is LEOb C togetherwith 2arrows

A LxL Lmeet

V txt h

s t theidentities intheequationaldefof alatticecreate a commutativediagram
idempotent

xnxx.it sit
1

Lattice and Heyting algebra objects in a topos

§ IV.8 



Theabsorptionlaw onlyVx x Ny Vx asa commutativediagramA p it Cpwontofirstfactor
L t InstytutinterchangestheIet m

IEEE
LHS

factorsoftheproduct

II't Iif tis Tang it
s next diagonalmap

v

such a latticeobject has T I when thereare arrows where 1 EC isterminal

top T a L
bottom 1 I L

suchthat
x ygreatly

C1 thebottomarrowappliedto 1

and
an T x

They
maketheflowing compositestheidentity

L III Et is Etc ttlx11
gs

y

def L a lattice object
Lis an INTERNAL HEYTINGALGEBRA IN C orjustHeytingalgebra if 7 binary

operation Lx1 L satisfyingthediagrammaticversionoftheidentities for

xx H x x i element Top
TCL one in T T Lthelattice

a

y
t Lexx anxiety ng Ey in

LxL 811
Ex 7

11.11
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xx

x x TCI
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For L a latticeobject candefinecorresponding partialorder or t by

key iff xay x

def Subobject C of LxL istheequalizer

FL LxL L

t it xxy x
xxy x ly

FACT L FL is an INTERNALPOSET aposetthatlives intheambientcattoposC

reflexive
y

f txt

TransitivityofEL
The subobject IT er Heu C 4h factors through e E l where
C is thefollowingpullback with projections u and v

C I

HE
N

IT

I Ihl L



secondLeft
def An INTERNALHEYTINGALGEBRA of a topos E is an internal latticeof E
with an additional

binary operation
LH L suchthatthe2 subobjects

Pand Q of L Leh definedbythe 2 pullbacksquaresbelow are equivalent
subobjects

p a Q
i n I

l

LAL
I L e

LIL L

z y iff zi sy Ct

equatimaldef ofHeytingalg

thisdef isequivalent totheother one lequatimal
identities

for
equivalence proof Yonedaappliedto homsets Hom X L

def A HOMOMORPHISM OF LATTICES orofHEYTINGALGEBRAOBJECTS L 7 L
is f L L that commuteswithall operations

J
t t t Lx L

Ite
Épiatiements v



Thin 1
EXTERNAL

Let A E Ob E

Theposet subetofsubobjects of A hasthestructureof a Heyting
algebra This structure is natural in A

Thepullbackalong anymorphism K A B
induces amap k ofHeytingalgebras as in

Sub B SubeA

B
A

V
slices l 43 if YA

The changeofbasefunctor

f B

p192 consider
any K

A B in a topos E G x
Pullback

along K then turns each object
f X B of EIB into an object f of EIA

A X B X Xthepullback I

A y

4
defines a change q.gg

Kt faf t If functor Pullback Functor

Kt EIB YA
takeanelementof EB

Usemap K A B



Infffiffe
w safe a has lattice structure

factorization images
section

PRoP3in_ SubA is a lattice
Freach K A B thepullback
along Kis a morphism
Kt SuGB SubA ofposet

z i k l he a
functor Thisfunctorhas

a leftadjointFK SubA SubB
S m image in Bunder K

poseshave

S A T A two subobjects in SubA pullbacks

Form their intersection greatest lowerbound in SubA by taking the
putback

Sn t T

I I
s t

Fr their union leastupperbound formthe coproduct Stt in thetopos
Then t StT A by deftofcoproduct
Thishasan imageM by result on factorizationst images
M M A is a subobjectthat containsboth S and T

St T I

É
M AEsubA

So we have A SubA xSubA SubA and it is natural in A
thepullbackfunctor K SubB Suba is st K SAT k s n k t

Usingtheiso
Hom A R Sub A natural in A we obtainop AA

thatmakes the followingcommute



I
ZHomCA s Hom A r

11

HomCA Rx r FomCA r
AA

Then ha is alsonatural in A so byYoneda A r's applyAa t id
thenAa comes from a uniquely

determined
map

1 ex rn via composition

If subobjects S T ofA havecharmaps sit A r then sat has charmap
A rents

And wewill use the followingforthenext thm
Fora fixed of A theop

M Sub AxX x Sub AxX Sub AxX is natural in X

BY
SubAxX Hom X PA wegetop

Hom X PAXPA Hom XPA x Hom XPA HomCXPA
naturalinX

ByYoneda wegeta cow map
A PAXPA PA

This is natural in A t kB A we have

PA x PA
A

PA

PkxPk I Pk commutes

PBXPB I PB



CLAISube I hasexponentials y
U 06 E sit U 1 ismad

Theexponential UVof twomy object U 1 and V 1
is againopen

Uk 1 is monic by universalpropertyoftheexponential
Sub 1 has exponentials

SLICE
sub A I SubEA I

SabeCA is aHeytingalgebra with theexponential
in EIA as its implication operator

thestructure isnatural in A
Let K A B be a morphism in E Andconsiderthe comm square

SubelB SubeCA

in fin
inclusion

thatidentifies
subobjectsofAin E

SB Te Ela with subobjectsof 1 in
ThurII 7 2 Tum2ofprevioussection 4A

Bythin
in sliceoftopos is atopos thenMt presences exponentials sums and

epimorphisms

Bylattice structure of SubeCB and SubeA then k is a Heyting

alg homomorphism I



Then2
INTERNAL

Let AE06 E
thepowerobject PA is an internal Heytingalgebra
liethesubobjectclassifier r P1 is an internalHeytingalgebra
Thestructure isnatural in A

LetK A B beamorphism in E
WhatdoweNts Then the inducedmap PK PB PA is a Heyting
PAis alattice algebra homomorphism
object in E
Thereanemeet ForeachXE06 E theinternalstructureon PAmakes Hom XPA
joinanowsst anexternal Heytingalgebra so thatthecanonical isomorphismequationalidentitieshold

SabeCA X Home X PAthereisa bingop I PA A PA
is an isomorphism offal Heytingalgebras

let
Theproof startswithsomeideasstated in section 6 Factorizationsand images

And wewill use the followingforthenext thm
Fora fixed of A theop

M Sub AxX x Sub AxX Sub AxX is natural in X

BY
SubAxX Hom X PA wegetop

Hom X PAXPA Hom XPA x Hom XPA HomCXPA
naturalinX

ByYoneda wegeta cow map
A PAXPA PA

This is natural in A t kB A we have

PA x PA
A

PA

PkxPkL
PBxpB y

ppl
Pk commutes



Sowehave
1 PA x PA PA

where forany
XE E themeetoperation onHom XPA inducedbycomposition

correspondsto meet inthelattice
Sub Ax X via the iso

Home XPA Sub CAxx

otherops are defined similarly
theHoperation 1

ForeachXE06 E Sube Atx has an implication operator

SabeCAxx x SabeCAxx SubeCAxx
that is naturalin X

7 x naturalin X suchthat theflowingcommutes

belt sub x sub.ca x

11

Home XPA xHome XPA

I
Home X PAx PA x

Home XPA

byYoneda

Bynaturalityof x in X then itmustbeinduced via composition by a uniquely
determinedmap

payPA PA

Topand bottomelements similar



PK PB PA is a homomorphism of Heytingalgebras

By thenaturalityoftheHeytingalg structureon SabeCA and thecommdiagram

Sube Bxx Home X PB

ka Home XPk

Sub CAxx Home XPA

Since Ket isaHeytingalg hom so is Home xPk freach X in E

Pkis a hornofinternalHeytingalgebras
definitions 11

RemInternalHeytingalg structure on R is theunique onesuchthat
Sube X Home X R is a

Heyting alg isomorphism


