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Sources
Motivation

Modelcategoriesand
Goal Tointroduce therelevant terminology andideasto understand theirlocalizations

Hirschornn

theproofof themodel category structure onReedydiagrams Aprimer onhomotopy
colimits
Dugger

Def C a small category

C is a REEDYCATEGORY if ithas two wide subcategories E and E whereeach

object is assigned a DEGREE no suchthat thefollowing is satisfied

1 Every nonidentity morphism of E raisesdegree

12 Evey nonidentity morphism of E lowersdegree

3 Everymorphism gof C has a uniquefactorization

g gg get JeÉ
Zemark

Moregeneral definition degreefunction takes ORDINALvalues

Somebasicproperties

C Reedy
COP is Reedy with CP E and

EP E op

CD Reedy CxD isReedywith CTD ExD
ED Ex'D

§ 1. Preliminaries 

Reedy categories and diagrams 






































































































































Example The cosimplicial and simplicial indexing categories

Def NEKao
u c o 1 n

cat I objects En noo

morphisms A En CA o In K ai sog t o e i sj en

A is calledthe COSIMPLICIAL INDEXINGCATEGORY

IIP iscalled theSIMPLICIALINDEXING CATEGORY

µ a category

in Functor AOP µ ASIMPLICALOBJECT INM

Factor A M A COSIMPLICIALOBJECTinM

Notation

X a simplicialobject in MY dende Xen Xu
X a cosimplicial object in Mn denote Xen X

These are Reedy categories

Gosimplicial indexing category 1
with deg Ei n

A injectivemaps
A surjectivemaps

Simplicial indexingcategory A

with degClin n

AT opsof surjectivemaps
EP opsof injective maps










































































































































1 of j 1

Def C is Reedy
o n E Iz 0
The n FILTRATION is the full subcategory of C with allobjects
LEC sit degli e n

og o filtration of c
ok d s t degex o

ME 1a deg x o
Reedyfactorization

Proposition C Reedy ne220

Fnc is Reedywith
FI En Fue

FT E R Fnc

and
C Y F C when Fc c F'c c fac c

Inthis section C is a Reedy category Mis a modelcategory

recall theOfiltrationof a Reedy category hasno nonidentitymaps
define a diagram X FC M by choosing an objectXxEM foreach

object LEC with deg2 0

Supposewehave X C M

wanttoextend it to a diagram X F C M

§ 2. Filtrations 

§ 3. Diagrams 






































































































































g

DefineX F C M by
Objects

Foreach a E C with death choose Xx EM

Morphisms

Foreach pe F C and

yd
in F C

G want a map Xp a Xx sit if p p e Fmc and

It commutes in Fnc
I

Xp Xp

It
commutes in M

Let i F c F C be the inclusion factor
Then CA is equivalent to choosing a map

LaninXK colin
ily

X DX

Dually for each Je F c and FIT in Fnc
We need a map XI Xp suchthat

If FM
commutes in Fnc then

I

xp
commutes in M






































































































































This is equivalent to choosing a map

Xx Lim X RaninXK

I It

Key The colimit and limit chosenabove an independent of ourchoiceof degree
function onthe Reedy category C

BIT we need some conditions on thechoicesfor thesemaps

If fp f C F C and

x
commutes in F C

p s r

x
mustcommute in M

Xp Hr

Equivalent to xx
i b C

colinX seim X
intra fatin

Theorem Ct is enough to construct an extension of X from FuE to F C

Exercise























































































































X In

C a Reedy category XE C an object

M a model category X C M

Def CATCHINGCATEGORY of C at X denoted 2 Ela is thefull subcategory

of Edt containing all the objects except 1a
MATCHINGCATEGORYOF Cat 2 denoted 2 ate is thefull subcategory

of at E containing all the objects except 1a

Facts a Eta I 2 at EP

OKIE a cotta
2 Eta É CE la

Jef LATCHINGOBJECTOFX at a LaX Gygax Lan Cd

LATCHINGMAP OFXat a Lax X

MATCHINGOBJECTOF Xat X MaX Lim X Ran X d
MATCHING MAPOFXat X Xx Max

E

Jef Suppose a E C hasdegree n

2kt F C full subcategory of at F C with objectsthemaps

at p st F a factorization a Fp with jeE gee
andg 1a

a Fnc12 full subcategory of F Ctx with objects themaps p x

St F factorization p É rt x with get get and g la

§ 4. Latching and matching objects 



objectsused to analytemapsbetween Reedydiagrams chignon andLying

keyfact All olim are latchingobjectsofX X FC M

It 21
All lim ane matchingobjects ofX Col 523

If LEC hasdegreen in F C F theinclusion functor Max

1 The LATCHINGCATEGORY 2 Eth is aright cofinalsubcat ofboth i ta and

a Freda

127TheMATCHINGCATEGORY Hat E is a left cofinalsubcat ofboth x t in and

a AFC

CM LEC asabove

Proposition LetX CTM La Cdiagram in M in F E F C theinclusion

x functor There are natural isomorphisms

LaX E colin X
odd
Colin X
a F Cta

And Max Elim X
Latin
E Lim X
2K IFC



Summary What dowehave

C Reedy M a model category

X Fn e M diagram indexedby Cn i filtration ofC YemycolimX
Catinx EC with deg n intra

Thereis a natural map LX Max

Extending X to a diagram F C M is equivalent to thefollowing

Fr eachEIC ofdeg n choose an objectXx and a factorization

Lax Xa Max
T t

ofthe naturalmap

K

LX Max
This canbe done independently foreach objectofdeg n

Samesituation as above C M X EC degan

X Y C M diagrams

GoalDefine X Y inductively on filtrations

Recall Foc contains no non identitymaps

f X poet Yfoe is completely determined bychoosing a map Xx k forevery

object a ECwithdegree 0

Suppose f X me Ylenic

For
every

REC with degan we have

§ 5. Maps between Reedy diagrams 



y g

Colin X Xx Lim X
intr a tin

vadimY Ya dimY
intx Alin

Proposition GA

Lax Xp Max

I

i
v J v

LAY Ya May

Extensions of f fo Fnc wine OF choice foreach Xfc withdegn of a
dashed arrow thatmakessquarescommute

suppose A B X Y C M ane
Reedy diagrams and thefollowing

commutes A GX
y k where h is only defined

r
v on Blanc

B Y



Then forevery LEC
withdeg n we have an induced diagram

Aa IL HB Xx
A 7

ha r

2

v
v

Ba YaGayMax

h can be extended to Fnc so that 1 commutes

a

correspondence

forevery Xfc ofdeg n there is a map
13 Xx so that

2 commutes

Have the ability todefine theReedy model structure
statement andproof nextweek featuring Sayantan


