
































































































































11.03.2021

Sources o Homotopytheoriesand
modelcategories

Goal To describe a model structure on bounded below Dwyer spalinski
Reviewofmodel

chaincomplexesof R modules categories GIDungan

Notation definitions

R a ringwith unity

Mode categoryof leftRmodules

Chr category ofcon negatively gradedchain complexesofR modules

objects collections of R modules togetherwith boundary maps In
Mo Malmo

Va aim 2n Mn Mn suchthat

In One 0

Im anti e Ker2
o KerJn ucycles Zn Ma

Im any a boundaries Bu M

morphisms f M N such that f is a collection of Rmodule

homomorphisms indexed by Rost

f fu Mu Na azo respects the boundarymaps

Max My d May Mo

fun f tu f fue f fo f
Nuts Na

any
Nay No

The projective model structure on chain complexes (and some other model categories) 

§ 1. Preliminaries and statement of the model structure 






































































































































fn 2nM 2n fa f na 1

Homologyfunctor

For Ual Hn Mo
Karla ImCan

Ho Mo Mo Im 2e

Ha Chr Mode is a functor

Deflprop An Rmodule P is PROJECTIVE iff anyofthe following hold

D is a direct summand of a free Rmodule i
P K HEIR

2
Every epimorphism f A P has a rightinverse

0 kerfc A t s p s o
r

fo q 1splitexact q

3 For every epimorphism f A is B the inducedmap

Mode BA Mode FB is also an epi

g f
fog p

g
A B

point
composition

Since Mode P is always leftexact isequivalentto
saying it is actually EXACT iff P is projective





















































































g ff 1J
Another

wayto view
Forany h P B F g p A set

A t s B fog hr n

I n
g p

fibrantobjects

Mo s l Mo o is

The following describes a model category structure on Chp afibrous
W quasi isomorphisms

soevery
chain xM

C degree wise monos with projective wkernels cofibrantobjects

F degree wise epis in nonzero degrees
M s t o c is
a fibration chain

n 71 complexeswith
projectiveRmodules

what are cokeruels For f X Y cokerf coeq f Oxy inanydegree

colimit of X Y Q

I
Q

cokerf objectQ1 U morphismq Y Q
f

straightforward properties st qof o.ie x Y

qQQ s

Andanyothersuch q
Qcan

beQobtained

W C f contain all identitymaps bycomposing qwith a uniquemorphism
They are also closedundercomposition a a oi
W defined using a factor Y

o C Iff g have projective cokerads so doesFg
t

8
factors

Mode hasall small colimits u uniquely
v

co limits in Chp are computed degreewise
Q though g

Che is complete

Theorem: The projective model structure on chain complexes

§ 2. Proof of the model structure 



I

W satisfies 2outof3 Ha f is a functor

gof g of gf ftg
f f gf EW gf f g g f F g

us g gf f

Suppose f g CMorcar issuchthat 7 in it r s.t
I

i r s

M Ao Mo f is a retractofg

f g f

v w v

No Boo No
i r 7

I

If gEW then g is an isomorphism in homology So pass theabove

diagram to KH homology can dothis by functoriality forsomeK o

f

i r s

Helly HulAo HkMo
M
I
iGE ft g

v n i v

HaCN Helps theNo
i r 7

I

Retracts:



Cheek f r g it works

Remember that g mustbe an isomorphism gCW so its inverseis

welldefined

f Cr g i r g g i bytherightsquare

r 1 i

I

GI i f r g g it bythe left square

r 1 it

1
FEW

If gE C then
g is a degree wise

mono with projectivecokernels ineach

degree

Let Kao
f is monic
To show that fie is monic suffices to show that forall R modules

Q
Mode Q Ma ModelQ Nr

h fah
is INJECTIVE

re fish O h 0

Suppose feh 0 Then
Q

h

L V

O M
i k s A re M



O Nk Ak Nk
r

Fk Le te

v w v

Nk B k s Nk
i r 7
K K

galich ii heh

ii O
0

gie monic i h 0

Now h idnkh
heir h
refinh
he O

e h O

fee is manic

cokerf objectQ1 U morphismq Y Q
st qof o X t Y

qQQ s

Andanyothersuch q
Qcan

beQobtained

bycomposing qwith a uniquemorphism
UQ iQ

a Y

to
it



coker is projective ImmitIIII

As cokerffe coeq fu Queenie we have the following
Cballimits

ik rk
Ma Are Me

f gie o

off 8g oof

l n
v v v v

cokerffa cokerCga scoterCfa
U V

a
unique

To show cokerffa is projective use characterization

Freueyepi 9
C xD the inducedmap

aROItofwuerfModrCwkerfyCJsModrCcokerfe.D
are'allouduced

g s clog isalsoanepi
9

POET
composition

PUSHOUT

Let 4 C D be an epi and let
hEModrcookerfie D

Then

Ma
t s An

r Me

I



f gie o

off 8g off

v
t

v L
v v

cokerffa Cokerga scoterCfa
U

km

v v

C xD
9

As her C Mode cokerga D and coker ga is projective
then F

M cokerga s C s t

9m hv

Now by the second and third rows

rt if 1

Nu 1

Thus

hire h

1et l mu and notice that
cel 9 mu

Wvu
L

So l Coker C is set 4 6 h



c
9 is anepi

cokerfa is projective

f E C so C is closed under retracts

If gE f a now simple diagram chase

similar to showing degreewise monos in caseof CJ

W f and C are closed under retracts II

Proueoaly someparts

i C Fn w

suppose A at C

yep
i inall nonzee degrees

i P

V E
B Do

h

claim Po is also anepimorphism

Usefivelemma withtwo exactrows given by kernelof 2

Lifting:



and usethe factthat f is an isomorphism 1

Claim2 Kenpo is an acyclicchain complex Huckerp o ta

TWHY

Asp is an epi iaeuey degrees
weget a SES in Chp

0 Karp C
P
i D 20

So weget along exact sequence in homology

I
Huckerp HaCC HuCD

e

o o Hockerp s Hok tho D

As p is an iso

HnCD Ha Krp is s t

Kero HaCD

2 0

Huckerp O 1
A 9 c

7
To prove F affit f B Co weUse an

p
inductive method i

v E
B D

h



Definefo first
As io is a cofibration Po Coker io is projective

That is Po Bo Iuci
Bo Ao is projective

Aud Bo Boffo Ao

Bo PotoAo

foAo Co
T

i go
Po

v E
Po Ao Do

ko

Since Po Co Do is an Epi F lo Po Co s t

polo hot
Po

Define fo lo go

Inductive hypothesis for Oskar assumefk satisfies A Ch
nu T

r ff fr it f is achain map In pu
prefk he

ly
2 triangles in in

fk ik ga lift diagram commute v E
Ba D

kn n

In thesamewayasfo we construct furBa Ca
and hold bythe lift

But haven't guaranteed that holds nothing regarding
thebaeyday

mapswas



g ng y I
used inthe construction

To ensure it doeshold wedefine a differencemap thatmeasuresthe
failure of fun to satisfy call this E andthen REMOVEits contributions

Let E Ba Cnt bedefined by
g Ifn fnDn

f cancyclesofkerf
za µ

gMo

if te't
Claim E induces a map e B Zay Karp

1 proof usesthedefinition of E and
Keddie iMai

al OE 0 as fat satisfies
127payE O as PuFu ha commutes witha

G Ein 0 since Fn in gn commuteswith d
Andweconstruct lifts using kernels asequalizers and kernels as
coequalizers I

Usingthis let ja kerpa Ca and Tn Bn Pu

E j n E Tn Ba iCa

and

foe In E

1 Some
reasoning why fu satisfies

o e Pu kerpn it doesn't affect
As in Aa An Pa E doesn't affect

Hn fa2 by choices we madeforcliffs and e e def's I



Therefore
gAo C

A 7

i Ft p

v E
B Do

k

CC EA w has lifting

2 CAW f

First weneed some definitions and lemmas

Define two chain complexes associated to a ringR actually wecan dothis

forany RmoduleM

Def Let uEN not
The a DISKCHAINCOMPLEXofR is givenby Rmodules 1 Rl k asfellows

D R 0 if k 4 n I

R else

And 2n id da O f k'ta

O O REYR O o 0

A
nthdegree

Def Let noo
The n SPHERECHAINCOMPLEXof R isdefinedby



y

S
0 if Ken

Rifkin

O O R o o O

T
nthdeguel

Lemma1 Let M ECHR Then

Chp Duck M Modefr Ma

f for
This is an isomorphism mapof A

chain mapatdegree n
complexes

Almost immediate

R Mn Clay R Mut

if fign id

Teen R R

Ifn farid 2fn
gu

fu t V
ga id agu

Ma Muy
2 fat guy I

Actually Dat 1 Chp Model
M N Ma



Corollary H A is a projective Rmodulethen frany epimorphism p M x No

ChpfDACA Mo Mod A Mn MoffaNu ChaCDCAIN

is also an epimorphism

A is a projective chain complex in thatfairy epimorphism ofchain

complexes p M No anymap DncA N LETS over P
to a map DulA M M

P

DNA N

Lemma 2
Suppose PECHR is acyclic Callhomology groups aretrivial
with eachPa a projective Rmodule

Then eachmodule Zn P is also projective and

Po Ent D ZaICP
Tiso

as a chaincomplex

Backtolifting Suppose
gAo C

n

pi n

v E
B Do

k

Lef P coker i cokernel ineverydegree



SES O A Bo P O

longexact sequence in homology and

HncAt Hn B

Hull Of a

Po is acyclic andeachPa is projective we're inthesituationofLemma 2
w ZacD isprojectionto and Po E utD Zal Po and

D Zn P is projective ineachdegree direct summandofa
projectivemodule

As B A Po and p is an epi 7
a lift e p C s t

C
e ft commutes

P A P D by corollary4
inclusion h

lemmal

Take g l andthis is our desired lift

gAo C
7

i z
geol p

v E IB Do
h



Wantto use SOA
Need sequentially small domains

Def An object M CChp is SEQUENTIALLY SMALL iff
4 Only finitely many Met 0 i and

2 EachMre has a finite presentation

finitely generated Rnodule with some

epi g f Mu where F is free and

kerf is fin generated Farce M

us isomorphic t colonel of a

map
between 2finitelygeneratedfree

R modules

The Gluing ConstructionandtheSOA

modrphismsbetween chain complexes

Let F ffi Ai Billie E MorChr

Supposethat p M N E MorChe

Wewant to factor f as a composite
fib RIP

M Is Q N s f e Q No hasthe y Wrt Dn

p RIGHT LIFTING PROPERTY with Vn l
tacyclicfib

respect to all themaps in F lap
wrt

Q No ok but we want the factorization s t Q is a dose

M as possible

jn nz

Factorization:



So we usethe following construction the gluing construction

Fr each i E I define pairsofmaps inChCR
Sci f g h g Ai M h Bi N st CHcommutes

Ai G M o o o

Bi Ai Mo

fi f p
v v

Bi N
h

Define the gluing construction G F P C Oblate givenby
the followingpushout diagram

e
cg.at
sci
Ai 8

s M I µ
gluing a

r

a copyof in
B Effi r p

v
v r

f such a Gift p
diagrams

iff cg.nlsci B ti togn h

In words This is similar the singular complex constriction inthat wearegluing a

copy ofBi to M along Ai FOREVERY COMMUTATIVE DIAGRAMofthefun Ctx

Then there is a natural map

in M G'CE p



e
In a categorywithcopodspushout

coequalizer

By universalpropertyofaliunts the commutative diagrams given in
Ctx inducecolim

a map
pe GCf p No set

pair p colimitofdiagram
F D C is a cone E

Now repeat pooedbyinduction
from diagram to colimF
sitforany otherwirepD2Ngofor Kal define

object

gacf.pl and
maps GkUP

p im n

GTrip G1 f pay
sothat

p pairs
and

pa Cpu
taking themapthat

ansesfomadimiflogieO.wehagGEEPny.c
M G f p p

is GEEp

Ipa P pi Paf Paf
No No No No

his
Banotherconefrom Fructor X Z C Mo Giftp Gkff.pk
diagram t Nu p isasequentialdweetsystemp

Def the infinitegluingconstruction denoted G tip isthe sequential colimit colimit
ofthisofthe top cow inthe green diagramabouei isSEQUENTIA

Byadmit there arenatural maps count

in M G Fip and OFTHE objects

GCE p N s't p i p
I



Proposition withthesetupabove supposefurtherthat Ai E Chr is sequentially
SOAT small coalyfinitely manydegreesnonzero andeachmodulehasa finite presentation

Then

pro G Ep N has the rightlifting property wrtall

mapsin F

Now wecan pan factorizationwiththehelpof the followinglemma
Soft

Touse thegluing construction wewant asetofmaps from sequentially small

chain complexes wealueddyknow 2simple ones DMR and SVR

Lemma 3 Themap q Q No is

a FIBRATION iff q hasthe RIP withrespect to themaps
o DTR Hn o

an ACYCLIC FIBRATION iff qhastheRLP wrt themaps

ja S Ir D f noo
4 81 0
O l o R o

t
n 1 degree

proof

By Lemma 1 applied 1 the Rmodule A R

Homa DTR N Hommode R Nn

HomanDLR Not ttomn.GRNj
I



FornZ1 o E Nu
O Q

j
I e fp
D R No

f f DnfR N T

N
If

such a lift j DCRI Q exist then
whenever h is s t
hf O indegree20

Poj f p is subjective
then h o

jo0 0 j o
f is surjective

Exercise II

G Cc En w
Let f Mo No be a

map in Chr this isthemap we
want tofactor in EFAW

Let
Eof ja S CN D

noo

Usethe factorizationgivenbySOA

M G Cf f
P
X N
7

GOAT
Then pa has theRCP wrt all maps

jnhn.ro

Lemma 3 tells us that p is an acyclic fibration



Need t check he is a aofibratim monic ineachdegreewith projective c kernel

In each degree h
GmCf f Gaff f R

LGA

t
possibly large

passing tothe aliant
G Cf f a Mn R

acB

monomorphism withprojective cokernel

proof for Chw f is similar except un

f's a O D nai

and
M G Cf f No

II

Finally Chr is a model category
called projective

Anothermodel structure Injective model structure on chain complexes

C degreewisemonic forpositivedegree
f degreewise epis with injection towel

Afewwords about Top
Modelcategory structure onTop f X Y s t foreach xEX themap
1 W weak homotopy equivalences f Ta X x InCY fCx is a bijection

CD F Somefibrations

g
of pointed sets fr F 0 and anmiso fr n71



I a
groupinG C up ft w l

continuous functions

f X 14 that hauetheRLPWrt all
inclusions lid O D D I

p m

standard 9
a dot cylinderobject

of Da

ly t
Igy

a gofers se



ly t
Igy

a gofers se


