



































































































































HigherDiscreteHomotopy GroupsofGraphs sources o Higherdiscretehomotopygroupsofgraphs
LUTZ

1 Notationdefinitions Foundationsofa connectivitytheoryforsimplicial complexes
BARCELOKRAMERLAUBENBACHERWEAVER

2 Contractible graphshavetrivial homotopy groups

3 If Ghasno 3 or4cycles then In G istrivial FML

4Broadoverviewofa discreteHarewicz theorem

Notationdefinitions

Recallthefollowing definitions G CVE Ge ViEa and G U2Ea simplegraphs

A graphmap f G Ge is amap on vertices V Va suchthat if unw in Ei then

f v flw ore flu ufcw

Ix graph with vertex set VCIx 2 and an edge in j ti j l l

II the n fold graph product ofthegraph Io i Ina I In Ix

a portionof II I of of of of of ntimes
o o o o o o o
lo lo lo lo ol ol ol
of off off

In r subgraphof I induced by vertices x c I suchthat IKil r forsomeKien

usuallywillbeused to refertothe dead area ofa certain loop f In G

Twographmaps f g G Gz are homotopic ifforsomemiso thereis agraphmap
a homotopy h G In Gz suchthat

hC o f and hC an g
Twographmaps fig Iho Ibr Gro are based homotopic ifthere is a
homotopy h Ix Im G from f fog suchthat hi

ht i isa graph

map hi Ih Iir G vo forall i
w Denotethehomotopy classby Ef






































































































































Theradius of a loop f Iho Iir Gro istheminimum such rao
sometimes denotedof
Forall x C7L where laitZr fr some i f x No

Def ThenthdiscretehomotopygroupofG TulG FixNoCG

Tn G Ef f Ib Iir Gro agraphmap

Groupstructure multiplication concatenation in thefirstvariable

f In I Giro
Efg Egg Ep where

g Ib IIrg Gw
p Ian I G v is defined by

pkaXz xn f x a if e rf

g Xp Crftray Xz Xn if of

ego InTIG

f g
w

f g

identity theclassoftheconstant Nomap
Somefacts BARCELO ETALI

Theoperation in Tn G iswelldefined

InCGI is agroup

When G is connected HnlG isindependent ofthebasevertex No

In G isabelian tfn72

If Xo isthecell
complex

obtainedbyregarding Gasa 1 complexandattaching

a 2 cell alongtheboundary ofeach 3 and 4cycle






































































































































IT G IT Xo

discrete fundamental I
topological fundamental group

group

Contractiblegraphshavetrivial homotopy groups

Recall AcontractionofG is a homotopyfromtheidentitymap id G G to a constant map

Agraph is contractible if it admits a contraction
finite trees are contractible Dec 2 talk

f
EI

Z L
gridgraphs are contractible

o
3

L E IL a subgraph inducedby thevertices far bi an bn where

ai biE Z and ai Ebi H i

Theboundary ofa grid graph 2L isthe subgraph induced by all
vertices KEL

where some componentof X is equal to an Ai or bi w Xi Efaibi forsome i

Theinteriorofagridgraph isthecomplementof theboundary 1 2L

1 is contractible

Letme max bi ai C I Im 1
h

du i max i OY max Vz il Maxfunis0

thisis a graphmap

CC io idL
d m 0 thezeromap

Ev
Vi me 0 Vi




































Proposition If G is contractible then Tn G istrivial forall n

Proof LetNoCV and c G Im G a contraction of G to Vo
Recall Thismeansthat c is a homotopy from idetotheconstantmapat vo sometimes

denoted
byNo

Let f Ind Iir Guo be a graphmap withradius r sothat If CTnLG

Ifthereis acontractionGoal If 0 in Tn G est Cho is

f is basedhomotopic to the constant nomap
constant saythat G
deformationretractsontoNo

If thehomotopy c isconstant c No i Vo f iC Im then there is a based homotopy

HiInd Im G from f to Vo definedby

Hhc i c floc i tf Cx i C If Im

This is agraphmap since c is

It is a basedhomotopy since c is constant ie HNo i c flu i

C No i No tf i
Butthisonlyworks as duo is theconstantNomap

Ingeneral if c no isnotconstant there'snoreason forH Vo i Vo f i
w ie no guaranteeofa basedhomotopy

Howdowefixthis Define a homotopy bydefining onehalf ofthehomotopy at a time
Thatis define h I Ian G byfirstdefining hi for 0EiEm andthen

for Ntl E is2M

OE is m FIRSTHALF Usethecontraction c to stabilizethevalues insidetheactive areaoff
Thevalues outsidetheactive areaof f move one boundary level

away ateach timestep move itoutwards

mu e i e2in SECONDHALF Themapis constant ontheactiveareaoff soall wehavetodo
ismove thedead area constantportion inwardsone boundary

levelat atime toget amapthat isconstanteverywhere



Moreprecisely

FIRSTHALF Wefirstdefinetheideaofa boundarylevel moreprecisely

Let II E Ion denote thegridgraph induced by
vertices

r rt 1 r l r x X r rtl r l r

This r isthe
radiusof f

usets

wecan define a partition of Io using thisgridgraphandsomerecursion
bdofgridgraph

Bo 2Is r n denotestheboundaryofthegridgraph IIr x st C hr

forsome i
ForKai m Bk 2Gk where Guy isthegrid graph with interior all previousBi's

Goku II U B U UBa
eg r 2 n 2

III
Bo noticethat Boe Idr

Br
ko

Ba

Iet U Balk 1 forms a partitionof Ib

TheseBris will keep track of theboundary levels
How do we define hi for i o I m

ko f
For leism hi64

4
floc i if E II

hiy no if x CBu where do CBut
forK71

Inwords The contraction tells uswhat to do insidetheactive area off
Onthedead areaof f takethevalueofhit onthe smaller boundary level



him is constant on theactiveareaof f Isi and oneach Bk

SECONDHALF Let it mtl m12 2in

hboy
hmu if E II r U Be U U Bim where koCBi m

hmlx if xEB for K i mK

Ingeneral h I Ian G is a based homotopy since itisdefinedrecursively andat
eachtimestepchange valuesonlychangeaccordingto whatisadjacent

Inthefirsthalf usethecontractionwhich isalso agraph map
Itis a based homotopy because F R 0 st

h Ib In Iir G no

Let'stry to seethis with an example
Let G Iz and c G Ig G the contraction of G with thefollowing values

G Co ido
Wo Ng V2

Cy

Cz

Cq Const
no

Since c is defined in 4 timesteps m 4

Represent agraph map IS G as an infinite 2 dimensional latticeofdots
The colourofthedot xC II is thevalueof themap at x

Let f In I Gro berepresentedbythe followingarray
when restricted to IIe



f ho

Thedashed linerepresents theradiusoff
Outsideof It themaps are constant atno
lie blue

The firsthalf consistsofmapshahahahah4

Co Idg
Cg

For ie is4 hi64

4
floc i if E II c

hiy No if x CBu where do CBkI C

forK71 Cqha

hax

fy

CHCH 1 if XE II

ho f if XEBie Ka
forXoCBa i

Attime1 CC it bluetsred
red red
green green

hz

hzx

fy

CHCH 2 if XE Is

hi Xo if XEBie Ka1
forXoCBk i

Attime2 cC 2 bluergreen
red green
green green

haCx hiXo if xEBe Xo CBo
RED



Us
has CHA 3 if xE II

hzCxo if xEBK.KZiXoEBk

CC 3 B G R l a red

Out x hzXo where XoCBo

GREEN

OnBz hsX hzXo forXoEB1
RED

On133 hCx hzKo forXoCBz
BLUEhat

blue on all Bu k 73

haCx CHIN 4 if xE IE
hz Xo if CBk KHwhere

XoCBk1

oCC 4 constno

On Bi hCx has Xo forXoCBo
RED

OnBz haX 43Xo forXoCBi
GREEN

we move on to the secondhalf 5 i 8 oOnBz RED

For 55is8 2

hi
1h4

Xo if XE Isn UBr U U Bi 4 whereKotBi 4

halx if xEBk for K i 4



h5

h
haha if C II U B xoEB

h Cx7 if XEBu fr k 1

On Ist UBI hs X RED

he

h
haha ifxoxEBI.si U B UBz

h Cx7 if XEBu fr k 2

On IE UB VBz h6 x GREEN

ht

h
fy
haha ifxoxEBI.si U BUBzUB3

haha if xEBae fr k 3

On IE UB UBzUBz

h RED



h8

h
fy
haha if E I IzUBUBeUBUB

XoC134

haha if XEBu fr k 4

On IE UB UBz UBzUBy

hoX BLUE

That is If IOT

II
Itn G o

Note The reason
why

h was constant intheabove example isthereason why

Iran isconstant ingeneral on wemovedthingsintothe deadarea usingthem

stepsofthe contraction so afteranother msteps we reach deadarea again

Q Suppose G is contractible Isthere a deformation refract of G onto some NoE G
True

SimplicialKWapproximation

contractible

bautaghotmation m
retract

AnegraphsCWcomplexes in this setting



Thehomotopygroups ofgraphswith no 3 or 4cycles

Def A path in G is a sequence Cpapa Pu ofvertices of G s t forall i either

pi pity of Pi Pitt p p BPa

P5

Po
Theorem If Gcontains no 3 or 4 cycles then In G is trivial f n 2
Recallthatif Ghas no 3 or 4 cycles then Tiko isthesame asthefundamentalgapof G
asa topological space

Theorem determinestheremaining homotopygroups

Proof Ghas no 3 or 4 cycles

n 72 VoEV

o f Ian Iir Gino graphmapofradius r 0

Goal If Evo in Tn G

Ingredients

Forthispoof consider G as a DIRECTED GRAPH with edges E sothat

un EE CvulEl E
U V U V Add adirection toeachedgewe

Fe freegroup on E

Identity I
Elements reduced words intheletters eand e VeE E

P2 IE setofpaths in Ino oflength at least 2



o Definea function t Pz Ion FE

For adjacentvertices xy t Ine

ICx y
fy
flocHy if fix fly C E sincef is

agraphmap

fly fCx
1 if fly fCx C E w oneofthese

mustholdso it
1 if fCx fly is acomplete

For apath P Cpopa pe inIon e y define
definition

Thisis concatenationofwords
ICP tlpo.pe Icppz o o ICpei.pe inFe

In words I takesa path in Ib andtracesoutall ofitsedges according towhatfdoes
as reducedwords in Few tellsyouwhichedges aretraversed along

thepath

keeping thetired edges inmind

Define g In Feby

glad ICP where P is ay path in Its starting in
Inn deadanedof f andendingatK

Anypath
in Isg welldefined

Recipe
verify that g iswelldefined

Use somemachinery subtree of a Cayleygraph toshowthat If thoI

suppose holds

Let FIFE E denotethe Cayley graph ofFe withgenerating set E

V T EeE Fe g
Foreach e C EVE yEFe draw anedge g ge of

geLetGee T Fe E bethe subgraph inducedby IMCTYI.ir pathsstartingin

Ve TIPI I P is a path in Is starting in I.ir theft.ge
lanea

Tertius
oftheinduced subgraph



Notice Ge is finite sincef hasfinitesupport and ithas no cycles since 1 Fe E doesn't

Generalfactabout Cayleygraphs MH s is a tree if It is a freegroupwith
generating sets

Eachof theedges of PCH correspondstomultiplication byoneofthegenerators
scS.msgetonedirectededge
Ifyoumultiply bytheinverses yougetthe

otherdirectededge

Ifyouhavea cyclein NHS thenyou'llhave

b gi gz ga e

g g g 1 contradictsfreegroup
axioms quegrouphasno

relations

Now thedistance between uNEVE is InVI where this isthelengthofthereducedword

representing a v CFe g Ge

Suppose either x y or any in Ina
Then I dfly 1 Halfly I or 1

x y lgcxtglyll ltlx.gl
f WHY gly TCB

gly TPi Thxy asg iswelldefined

P p gg glx they

no contribution to
lglxtglyH ltcx.gl I

thelength in the Sothe lengthsofthe reducedwords arethesame
deadarea off since ITCxg I E 1 thensince f isconstant
here Igbo gapl e 1

That is glad gly or gladugly in Ge
Whichwordshavelength 1 or O I

Therefore

g Inns I.ir Gen is a graphmap
adjacent vertices areeithermapped to thesamevertex or
to two adjacentvertices



SinceGe is a finite tree it is contractible

By preceding proposition then Tn Ge o f n

As Cg C Tn Ge then there exists a based homotopy h Ib Im IIR Ge 1

from g tothe constant map 1
ho g
him 1 fromthe dead areaoff

r
Now

every
vertex ofGe corresponds to a path in G from no to somevertex

denote thisvortex by Tlv
Then IT Ge 1 G Vo

N 1 IT v

is a graphmap

Also noticethat
Itog f bydefinition ofglx TCP

Itoh In Im Iip G no is a based homotopy where

Itoh i Iha I r G no and Toh Toho ITog f
Itoh m Tohim To 1

yo
That is If ENT constant

mapatno
Tn G istrivial

Since holds itremains toshow that holds
g is
welldefined

where g I Fe is definedby

glad ICP where P is ay path in I's starting in
Izi deadanedof f andendingatK



Let's lookat an example first
G Cs f IS If4 Cs a givenby

a

G r

b L e f
V

c d 0

Let x Co 2

vs fbc c
orange

Three highlighted paths give3 ways to computegix u theyall givethescene
value

Purplepath gac lab bio c

Bluepath ghc Cab bio c d c d bio b c
b C d

n w c
a b Bcc Recallthatfor b

KY if fly fCx EE a

Thay ftp.fcxl a

Pink path gta Lab bc bc Cb a lab Cbc Ccc bio lb
c ccc

a bCbc

So thedefinitionof g lusing f forces it tobewelldefined inthiscase and itdoesso

inthegeneral case aswell

Thisiswherewe usethat Ghasno 3 or 4 cycles



To showthat g is welldefined let D Cpo Pe be a path in Ij
Wedefinetwooperations on P

If forsome 0 j l thevertices pja pj pj arethethreecornersofa
Pj11squarein Ihs let qj denotethefourthcorner pj

If wereplace pj in P withqj this iscalled a
cornerswap

qj Pj

If pay put forsome O Kel ifweremove thetermspie andpkfromP
thisiscalled a backtrackdeletion pay put the

claim1 ICP is invariantunder bothoperations cornerswapsbacktrack
deletions

proofofclaim
Corner swaps

Let pji.pj.pj.cibethreecornersofa squarein Ina and gj the fourthcorner

Lef S denotethesquare Pj4
pg

S

Gj Pj1

Since f is agraph map and G doesnothaveany 4 cycles Gee ithas no squares

f s is a path in G with atMIST 3 vertices apath since G

The nontrivial possibilities are has no 3cycles

fcqjy ffpj.in fCpjD fCpj contractthe twoverticaledges
CASE I

CASEII ftp.ti ftp fCaoj fCpjy contractthetwoedgesadjacent
to qj

CASEHI fCqj ftp.D flpjti fCpj contract thetwoedgesadjacent
topj i



CASE I fCqj f Pj11 fCpj1 f Pj Foradjacentvertices xy t Ine

Bydefinitionof T then they AbcHy if Cfcafly EE

Hy fCx if fly fCx CE

TCpji.pj.pj.in Tlpjhpj TCpj pjt1 i if fat fly
1 Ilpj pj.it
t pj qj since fcqjy fcpj.ci
tCpj qj tcqj.pj.ir

tcpj.qj.pj.in
ICpji.pjpj.li tCpj i qj pjei since fCpj Apj i

CASE II FCB't ftp fCqj fCpj

b pin Pj pjn Tcpj i pj Tcpj pj4

Icpj iqj7tCqj Pitt

tcpj i.qj.pj.it

CASEIII fCqj ftp.D flpjxi fCpj

1Cpj i pj pja 1Cpji Pj tcpj.pj.it

1Cpji pj Tcpj pj i

I Cpj i qj Pitt
Inall cases ICP TCpo Pji Pj pja pe

Tcpo pj 1 ftp.i.pj.pjti Tcpjth pe

Ipo pjd.tcpji.qj.pjD.tlpj.ci pe



TCpopi pj i Gj Pjti pe

ICP is invariantunder corner swaps

Backtrackdeletions suppose pay piety for some Kal

Pei put1 Pie

then I 1pm pieput I 1pmpre TCpuPreti

1

vs ICP TCpo pm pieputt pe
tCpo pieD tCpu piepie TCplea pe

1
TCpo ipuil T1pm pe

TCpo pie2 put TCpa pe as Pui put

Tcp I Cpo pkapua Pe

This isexactlythepathPwiththebacktrack deleted

i TCP isinvariant undercornerswapsandbacktrackdeletions sotheclaimholds I

Claim2 If p Cpo pe is aclosedpath in Ib then ICP 1

Proofofclaim Any
closedpath can be transformed intothepath

poipiPo by a sequenceofcorner swapsand
backtrackdeletions

By claim1 then
Icp TCpoPePo

Ipopi IpaPo
1 ME



Finally we are ready toshowthatgis
welldefined

q
Let KE Ino and pg E II r Q
Lef p be a pathfrom p t x r

f x

Let Q bea path fromp to x

Want toshow ICP T Q P

Tothis end let R be apathfrom qtop p
with allvertices in It

Since f is constant on II it is constant on R and so
TCR 1

Letus traversealongP reverse alongQ andthenalongR

Denotethispathby PQ R This isa
closedpath soby claim

ICPQRI t

1 TCPQ R

Icp ICQ TLR

I ICP ICQ

Icp T Q

Thus
g is well

defined and that completes theproof ofthetheorem
II

Discrete Hurewicz

Anotionof discretesingularcubical homology group of agraph G HnlG
Dimension 1 HunewiczTheorem for anygraph G thereis a surjectivemap
BARCELO CAPRAROWHITE 4 IT G H G
Discrete homologytheoryfor
metric spaces with kerf IT G it G



Theorem There is an infinitefamilyofgraphs G suchthat 9 Tn G HnG issurjective

LUTZThm5.10
obtainedbyapplying the suspension functor successively

Ifthefirstgraph hasno 3 or 4cycles themap is surjective

Isthemap injective fr certain graphs


