



































































































































02 12.2020
The fundamentalgroupof agraph sources Foundationsofa connectivitytheory forsimplicialcomplexe

BarceloKramerLaubenbacher Weaver1 Precise definition
Higherdiscretehomotopygroupsofgraphs

2 Homotopy invariance Lutz

3 Examples

Precise definition

RecallLet G VaEr Ge VaEz besimple graphs
Thegraphproduct Gr Ga isthe graph with V G Ga VixK and
thereis anedgebetween Vi Va and wa wa iffeither Eat

N W and V2WW2
OR

V2 Wa and Ni vWy
Agraphmap f GIG is aset map on

witffthatif
Nnw in El then either

flu flu
flu of w in Ea

either contactedgesdownto
avertex or mapedges according

towhereadjacentverticesare
mapped

Let Ix denotethegraph withvertexsetVII 3 2 1 0 1 2,3
and anedge in j iff Ii jk 1

55

Twograph maps f g G Ga are homotopic if for some n 70 there is

agraphmap h G In Ga suchthat
ht o f

ahomotopy and h f n g






































































































































Def Given f GMGz and subgraphs theGr HzCGzwriteit as a POINTEDGRAPH
MAP f Ga th Gath if NEH flu CHa

LetG beagraph and noCVEG

Consider In and agraphmap f I G If there exists saner o suck

that forall iEVCIa with litter flit No thencallthesmallest
such r the RADIUS off and so we have a pointedmap

f Io Ipr G No

where r min ro f i Vo f lil ro

and I r fiC In lil t
somedenote

Irr by 22
with r implicit

From lasttime think of this radius as beingthelengthofthe
active area ofthe loop on G

Example fromlasttime

G
No

Leff Ia Isr Giro bethemap givenby theflowing colouring

or
3 2 I O l 2 3 4 5 6

Whatis theradius
r 5






































































































































Def Graph maps fg Io Ior G no are BASED HOMOTOPIC

if there is a homotopy h I In G from f to g suchthat

hi ht i is a graph map hi Io Isr Gm Fi

Denote the homotopy classby If

Remark 2maps fg dont
have tohave the same radius t behomotopic

Wechoosethe larger radius in the abovedefinition sothatthemaps
havea chance atbeing homotopic

Def LetnoCG The set

TCG HI f I Iar Gro agraphmap

is a
group with

concatenation as multiplication

Let f IX I rf Gino and
g Io Ia g Guo begraph

maps
withradii Fand rg Thffy

gJ p where

p I Ior 7 Gino is defined
by

welldefined

fogG p i fci if i e r sameas

gli Crftrg if i rt topLThe
hi h'i

eg G
No

or co
3 2 I O l 2 3 4 5 6






































































































































J co
3 2 I O l 2 3 4 5 6

rf
5

rg 4

fog i
Hit if off

gli 9 if i 5

fog
or so a ooo

3 2 I O l 2 3 4 5 6 7 8 9 70 17 12 23

t a gas f2 gtigio gig l2 gigµ
Active area off t T

Activearea off

How do inverseswork

For f Io Ipr Gino Cf C IT Gino take f Is Ixr Cairo

to be theloop f traversed in the opposite direction

we we obtain symmetryand homotope out from the middle






































































































































eg Cs w f

G 400 00N
i

I I i f f go g
o

w
OOVz f I I i f fo fo f of

t.si i i
f f

g g io q z.TT
whenever thereis

averticalhorizontaledgeh Ix Is G
thoseverticesmustbeadjacent

In Is f

0 I 2 3 4 b 6

f f ho I It of of f lo

n lt l H
n

n L Hook L
ha

too too too L too too too I

hsi
D to L






































































































































In general
shiftsothat

what is the homotopy h Ix If G fof starts
Lethi fi Fi where at f O

fi j
Hj tf 0 Ej Srf i

fCrf i if rf i r j E rf
Vo else

my similartotopological spaces fi isequal to f on o tf i and

stationary at f rf i on the remaining
interval then concatenate

it with fi to get hi

Homotopy invariance

Prop A based G homotopy equivalence ofbased graphs induces an isomorphism
ofgraph homotopy groups

p arabKramer Laubenbacher Weaver

ProofThe proof is identical tothe corresponding proof for homotopic

maps of topological spaces
First wedefine theinduced group homomorphism ofa basedgraphmap
Suppose f GrVa GzVa is abased graphmap Thendefine

f IT G n 7 Ti GzNz by

f Ex I 7 fox
H XNBthen

where 2 Io Ipr Gr Ni four for
f is a welldefined grouphomomorphism and foht composewithhomotopy

fog f og






































































































































Now let f Gi n CG2 Nz be a homotopy equivalence with

homotopy inverse g Ga uz Gr Ni

Then

fog
I idGa

fog is an isomorphism takehomotopy fromfog toidea
andtakethepathtracedoutbythebasepoint

Also

fog f of is an isomorphism

g is injective f issurjective
Then use gof e ida t getthatg is suyective f isinjective

f g isomorphisms so

IT Gr N IT Gz Nz

II






































































































































Examples

Let Gi u

Cq Gz
o M

NzV3

f G Cat

V ro r homotopy fromidentity

claim t is a homotopyequivalence ie Cq is contractible to constantmap

Ltg Cq G
homotopyequiv toport

Then gf Gi G
gffu gcvo

y

gf ida
want show fgeidea fg Ca Cat ida Ca C

Leth Cq Is Cq bedefinedby

Hq of idea

h
q qy

4 where 960,11 943,1 ro

Andon 4 12
4th 7 9th1 N

h vi 2 no fi fg vi thro no

Noticethat ht o idea

ht 2 fg
Toshow that his a homotopy it remainsto showthat his a
graphmap






































































































































I

Let's visualizethis hz fg no
92 Niz

BOO V1
so I C4

good 000ns

40 vz2 vz2 NO V
090,1 4,1 y Ood

Vogl to Ccf

2,1 V od O
Vs V2

N3I
V2 I

00 00
V NOVOD 40 ago V

7 Cat
doe oo ooo

Nsp Koo ho id vz V2

Denote vi j Ni.j
A

C4 I2

Then his agraphmap ledges either incident to mappedvertices

or contracted down to a vertex

hisa homotopy

fg idc
Thus IT Ca Vo E IT a v e






































































































































2 Similarto theabove example Cse
Vo

3

N
VZ

f Cs
v No

fgcu fC No

g C

gf id
andfg idc via3

h G I Cs
vo

von hy fg
V V2
2,1 o v

Vin Vo
000 VoO 800

Vz

7
1,0

YVIO

ho id






































































































































G f
Fix some n O Leth G In Cs besuchthat

ht 0 Idc

Claim ht ii is surjectiveforall I Sien

Let's try n l H Vo

Nail 00No I
th

y
K I v Ns A V

Nsc NL Vo
2,1 Vg

Ngo Noo

O u
Csi

M o T o
Nyo Vz

V2O

hdvz.in hoCv3o ho ida

notpossiblebecause Nsa N Nz 1

But heCvs1 the van
Same phenomenon occurs inhigher dimensions 7 cannotcontact auedgedown

Remark It canbe shown that Ncs 2

constructXc Gell complex by regarding Csas a 1 complex
Xc S

Explicit generatorof IT Cs Cf where

f Ia Ior Cs Vo

fG Vi Os is 5
No else






































































































































No f i

k oov
i

I E g fo of

soon f Fc where c is theconstant map
V3

Is Iz Cg
can't he

mapthistanything
j vo

A r

th vq 00N

I ftp.ff.ff.f

0VzV3
p o Bode 000 od g T
z I o l 2 3 4 5

ho f

trees

y
UniquebecauseTis

Let 1 be a finite tree ie nogales atree

Let v C V Foreach C luo.ee pCv denote theunique neighbour

of v that lies onthe simplepath from voter V

LetpCvo no _i
g 1 T Iv

Vs

qtr Ptv if No is a graphmap
No if v vo

Let n diam T maxf ofedges between vi and vj vi vjEV
longestpathbetweentwoverticesofthetree






































































































































Define C 1 In T by Ateachtime
step takethe

ccv.ci
fyV

if o nextneighbour
on thepath

qfccv.it if t.si n fo no

dunt 9 vclaim c isa homotopy
First CC io idp and duh 9 can

91967

Clv n
1914441

if 9 two

Vo if 9 n no

No because a isthe diameter leachtimeyou

takeone step closerto Noandyoudothis themaximum

number oftimes bydefinition ofthediameterofatree
Now we have to verify that cisa graphmap
Motivating example

p n 2

1 Iz cc12 I0
ooo ooo

ooo
oooo cc it ooo ooo

ooo ooo I
too

oooo

I
g cha ooo ooo

Vo 08
O


















































































































00I
cCn 1 Cf Iv O

CCN o v

Clv 1 g v fr
closest vertex on thepathfromvotovi

par if u no

No if f Vo

cCr2 gcc yl unique vertex from vo to N atthenextstep

In general c iseithermapping a
vertex to itself or to thenearestvortex

ateach step so it must be agraphmap
Remarks

discretehomotopy theory
sometimes called A homotopy theory

Thetheory forgraphs is stated as a specific instance ofthe general theory
for simplicial complexes

Barceloetal introduce it inthisway

Cs A 2dimensional complex Vo

where weregard adjacency

oftwo 2 cellsas WD 64 Go

sharing au edge tall

Gs G
62


