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Definitions

Homotopyinvariance Thin3.4 inthefirstpaper
Computational techniques disjointunionsetc

Hike G o fd72 when Ghasno 3 or 4cycles vanishingpaper

7
Briefly

Todaywe'llbetalkingabouta discretehomologytheory on graphs
Thiswasdevelopedafterdiscretehomotopytheory on undirected graphsthatwe'vedealtwith
Thereanemonegeneral homologytheories suchas one on metric spacesandanother on directedgraphs
Wewillfocusonthe so called cubical homologytheory ongraphs
Wewillseedifferences between thisframework andthe classical singular simplicial homologyon

graphs viewing
themas 1dim complexes

Inparticular the4cycle hastrivial cubical homology inalldims 0

Definitionsandsetup
Notation

R commutativeringwithunity willbetheringofaficietsforthecubicalhomologytheory
o UEAl u n 1,2 3 n

deff letnel
TheDISCRETE n CUBE graph Qu is thegraphwith

VCQu o 1 Ca az an aie on f ieInl
EQu a b t ieta st aitbiand a by f ji

p
They differinexactly oneposition

Hammingdistance is 1
Let Q
GH simplegraphs me graphic 0 G H is amap on vertices thateithermaps

edges toedges preservingvertexadjacencyAgraphmap 6Qu G is called a
or contracts theedgeto a singlevortexSINGULAR aCUBE onG I insingular simplicial homology

Wetakea continuousfunctiongotfanyard
nsimplex

topological space

An introduction to discrete cubical homology



Foreach at o un LaubeG 6 Qu G o is agraphmap no
nod
thefree

GRmodule generated byall singular a cubes
soconsistsof formal sums

on 1 ie In Efg fit fi Luc
be
G LukeG from a cubes to Dcubes

beLn G Ian an ieQue m t.toca.az an Italia tt ai Yhts
fi ola Az Ant 6 aiAz air O Ai Ant

6 Qu G is calledDEGENERATE if fito fi o forsome it In Otherwise O is

NONDEGENERATE
submodule

defanyOcube
G is nondegenerate

onto us DcubeG GELcubeG 6 is degenerate IL beG

un ClubeG Ln b DaubeG freeRmodule
Elements of GibeG arecalled n CHAINS

Claim CakeG forms achain complex of fee Rmodulesunder the following

boundaryoperator

not us anabe L
Cabe
G Latte b s t

cLikeG us 29 o 1 fi o f to
i I
gandextendit lively t all

sothis is agraph mapQu Gn chains inLacubeG
Also LjubeG Die G 07 define

jocube Y
cube G Like 6 107 asthetrialmap

Tocheck 2n DimeG eDitG
Geit'sa Cn Cny C
chain
complex

On2n 0 0

Asusual representeach cosetin Cn 6 bytheuniquecosetrepresentative sf allterms
are non degenerate



Nowwe arereadytodefinethe discrete cubicalhomologygroup it'swhatyou'dexpect thesingular

homologyofthechaincomplexthat we justdescribed

def Fr no HacubecG kero
Iman isthenthomologygroup ofthe chaincomplexC G

Thesearethediscretecubicalhomologygroups ofthegraph G

G Cy 4 o3 11
Co C1 2 3 4 7 allcubes o GI C1 Cl2 2,1 12,3 13,2

0 V16
Yo 4,11 1.4

C2 441,21 1 lil 4 4,44,3
rank2 V1 1 3

thematrix isthevertexdirectededgeincidencematrix ofthecomesponding directedgraph
nullity2 8 3 5

cycles in C to circulations inG weighted sumsofedges inwhichthenetflow
outofeachvertexequals 0

basis ofG any
directed

cyclebasis

1,2 2,1
23 3 2

4
each is a boundary of a 2chain

3,4 44,3
4 1 1,4
12 2,37 134 4 1

m HoG R o Qu G bysequences 9caGu
H G O oflength 2 where 9 6 i

F

Homotopy invain

Actually HaG O K a 0 theithterm is the
Butthere's abetterwayto computethem valueof o onthe

ith vertex ofQuand
verticesof Quare
orderedincolexicographi

Recall order

TheBOXPRODUCTofgraphs G H e
G VCH

Cgihi Cgaha sit g gaandhimhe or he haandgng
o fg G H anehomotopic if F

E G Im H

St If o f
C m g



G H homotopyequivalent if I f G ti g H G st gf kid and fg tidy
Akeycomputationaltool

theorem If GenH then Yuzo HaG E HuH
proofToshow If tip G Havehomotopic induceidentical maps on homology

Suppose É GIM H is a homotopyfrom a top with
I CK o x x

KEVG M
E x m B x

For GECnG define I lo j q 0 q j Hq EQu and a fixedj
Define In G OI 0,0

Fa o I o m
Fact Tand Barechainmaps In On OnIn forbothxp
construct chain homotopy between Inla and pin

ha CnG Cat H sit

Bn In Oneha t haton f n

r

H 2.14 2,44

Once
youhavethis suppose ze CnG Then

Pilz In z e Im ane

samehomologyclass F z
L andB inducethe samemaps

on homology

in particular
bEcu G

j L 2 m

hat o E Cut H is theunique labelled att cube st
fitanti o q E o q j
fi has o q E 6cg j l toe Qu

defies ha o hall o t hat o t t him o

andthenusedef tochecktheequality
I



Computations

sonowlet'smove ontoactually computingthehomologygroupsofa graph
Someofthecomputations involvedeformationretractionsandthehomotopy invariancefact similartowhat
wedowhentryingtodo computations forspaces

def G agraph
H EG an induced subgraph ins VCH EV b

ECH e EECG I bothendpoints are in VCH
A RETRACTION of G onto H is a graphmap r G H st ra ht herlly
A DEFORMATION RETRACTION ofG ontoH is a retraction r G H s t.ir Ii do
wherei H G G istheinclusionmap
A ONESTEP DEFORMATIONRETRACTION from G toH is a def netr

f r sit
MI inthehomotopy in an idg

r is aretraction suchthat x real is an edge I seeV6

Now wehavethe following lemmabyhomotopy
invariance since ri idH

Lemmat If r is a deformation retractionfromGonto a subgraphH i H G then

GenH by r and i and so

Hn G EACH U n o

Wegetevenmovefromthis thatthereare manyinfinite
classesofgraphsthathavetrivial

homology

forollan If G is a tree a completegraph or a hypercube then H G o f n o

proof tree contractible

complete graph contractible

hypercube definer bycollapsing anyfacet ontitsop facet
us a onestepdef retraction ontohypercubewithdim a t

repeat this process I



Extendthe corollary tomanymore graphs

Man I 6 a graph K K indued subgraphsof Est iffy
o VG VCK H VCK
o UCK n VCK2 0

Suppose 7 aGUCK beVCka sit

a b EECG
o ve k v b EEG

every
vertexin K isadjacenttob

o VEka N a E E b
every

vertex in Ka is adjacent to a
Then Ha G ECo In o

IpadLet H 5 E G be asubgraph

Define r VG VCH by

Yb if ice ki a

me a onestep deformation retractionof GontoH
HnG HaH A neo
Hn G o f n o I

Thereare more operations under which homology iswell behaved Let'slookat thosenow

HILetKika be graphs with VCkiln Uka 0
Let Gi Ki K2 the JOIN GRAPH where

UCG VCK I VCK
ECG ECK V EKa U pq P EVCK GEVCK2

Then Ha K K2 o f n o

def TheDisjointSUM of graphsknandka is the graph Koka with

K Ka VCK UVCK

ECKOKa ECK VECK



TheoremFor
any graphs ki

ka

HnCKoK2 E Hack Hacks Yuzo

straightforward

Thereis onefinal family ofgraphsthathavetrivialhomology andthey'rethe collection of
CHORDALGRAPHS

def A graph G is CHORI if everycycleoflength 73 contains a chord edgebi nonadjacent

cyclenotices

gyp
achord

IthIf If Gischordal then 71 G o An o

If Byhomotopyinvanance
Of directlyby

induction I

Homology also behaves nicelywrttheBox Product

Thay GK graphs withH an induced subgraphof K
Let r VCk VCH bea retraction of kontH Then

Ha GOK Ha GOH A azo

prooffshowthat g k g rCk isantation Go K I GoH
a graphmap st
rlg h g rch

Cg h

a retraction I

Vanishing homology
Thehigher homologygroups are trivial formany graphs
Inparticularonesuch collection isthecollectionofall simplegraphs without 3 or 4 cycles

ligggaffonis
a graphwithout 3 or 4cycles then HaG o f n 2



I'mgoing to
describe the general ideasthat gointothis result

PROOF FOR s EXTENDTOALLG WITHOUT 3 OR 4 CYCLES
uses a subdivision

map

uses
covering spacetheory that's

why we
havethehypothesis

that G shouldn'thave 3 or 4 cycles This is exactly what

was needed for the lifting lemma lift to universal cover

Maybethe stiffUdit hasdonecan also extendthisresult
present thefullproofat somepoint


