Long exact sequence of homotopy groups for a fibration

Presentation notes
Mohabat Tarkeshian

Presentation notes guideline:

e To be written on the board = this typeface.
e To be said out loud = this typeface.
1 Homotopy groups: Definitions and basic constructions
° Iﬂ, g RTL
Def: 0I": subspace of I" of elements with at least one coordinate equal to 0 or 1.

—  The elements of the boundary are called the faces of the unit cube.

Def: If 2y € X, the n*” homotopy group is:

(X, mo) = {[f] | f - (I",0I") = (X, xo)}

~ n=0:1"=%,0I"'=0g
= 7(X,zp) = {set of path components of X}

~ Ifn=1:1'"=10,1],0I' ={0,1} = m (X, x¢) is the fundamental group.

1.0.1 Sum operation in 7,(X,zq), n > 2.
e Generalizes the operation in 7y:

f<231752,---75n)7 51 € [O’%]

(f+g)(817827‘-'78n> = 1
9(281 — 1,52, c ,Sn), 81 € [5, 1]

— This is well-defined on homotopy classes.
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— Since only the first coordinate is involved in the sum operation, the same
arguments as for m; show that 7, (X, z¢) is a group.
* |dentity: the constant map I" — xg
« Inverses: —f(s1,592,...,8,) = f(1 —81,82,...,8n).
— 1 (X, o) is abelian for all n > 2.

By the definition of the operation, it suffices to show commutativity of the
operation by restricting focus to just the first two coordinates s; and s,, and

fixing all others.

fHg~=g+f via:
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(1) Shrink the domains of f and g to smaller subcubes (where the region

outside the subcubes are mapped to the basepoint).

(2) Slide the subcubes around anywhere in I™ as long as they stay disjoint
(can be done for n > 2 since both coordinates can be shifted).

(3) Enlarge the domains to original size.



1.1 Relative homotopy groups

o Let AC X, zp € A.

e Denote

[nil = {(xla'rQ; s 751:71*170) | x; € I}

e Define
F iy oy Ty

i.e., J" 1 is the closure of the union of the remaining faces of I™.

Def: n'" relative homotopy group of (X, A) at basepoint g is
(X, Ay o) = {[f] | f: (I, 01", T 1) — (X, A, 20)}

where f : I — X is such that:

f(OI") C A,
FI"Y) = {ao}

Remark: 7,(X, 2o, z¢) = m, (X, zo)

— i.e, Absolute homotopy groups are a special case of relative homotopy groups

(analogous to absolute vs relative homology groups).

1.1.1 Sum operation in 7, (X, A, zy), n > 2.

e Since s, is “no longer available”, the sum operation in 7,(X, A, z¢) is not abelian

for n = 2 (the operation allows “movement” in every direction except the direction

of s,).
o (X, A, xg) is not a group.

— I'=[0,1], I° = {0}, J° = {1}.

= m (X, A, xy) = set of homotopy classes of paths in X from a varying

point in A to a fixed basepoint zg € A

— In general, this is not a group in any natural way.

o 7,(X, A, 0) is an abelian group for all n > 3.



2 Long exact sequence of relative homotopy groups

The most useful feature of relative homotopy groups is the fact that they form an exact

sequence of groups.

Theorem 4.3. The sequence given by

- — (A, x0) W (X, A, 0)
5

Wn_l(A,ZE()) L—*> 7Tn_1(X7 l’o) —_—

- —— (X, o)

s an exract sequence.

L (A o) — (X, 20),7 1 (X, 20,20) — (X, A, x0) are inclusion maps and ¢.([f]) =
£, 3:(Lf) = i f].

§: (X, A, 29) = Ta_1(A, 1) is the boundary map that takes f : (I, 01", J" 1) —
(X, A, o) and restricts it to I"7!, i.e.,

o([f1) = [f1m—]

Proof.

Before we begin to show some of the six inclusions, the following will be a useful criterion
to identify trivial elements of the relative homotopy group.

Compression Criterion:

A map f:(I"0I", J Y — (X, A, xg) is 0 in 7,(X, A, x0) if and only if f ~g

relative to OI™, where g has image contained in A.

—  f ~ g relative to OI"™: there exists a homotopy f; such that f ~ g, where fi|gn

is independent of ¢

—  This is analogous to the defintion of a deformation retract, where a homotopy
fi + X — Y is such that f;|4 is the identity map.
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—  Showing this criterion is easier done by looking at maps from D" rather than the

unit cube.

(1) ime, C ker j,.
J«t([f]) = 0 for every f € m,(A, x0) since if
f(Im01m, I = (A, m)
= f =0in m(X, A, z9) by the compression cirterion. i.e., f ~ f and

fIm) € A

(2) kerj, Cimu,.

By the compression criterion, [f] = 0 in 7,(X, A, zo) implies that f ~ g relative
to OI™ with g(I™) C A.
= u([g]) = [/]

Hence, [f] € imi, = ker j, C imu,.

. ker g, = imu,.
(3) imyj, C kerd.

If [f] € mu(X, A, x0) € imy,, then

f|m—1 is constant since f|pm-1 = g
= O([f]) = constant
= imj, C kerd.

(4) kerd C imy,.

If 6([f]) = 0 where f: (I",0I",J" ') — (X, A, z),

= f|m-1 ~ constant € m,_1(A, o)

Then, f

-1~ g with (/") = {z0} via a homotopy

F:I"'xI— A



We can tack F' onto f to get a map

h:(I™,0I", J" ") — (X, z0)

=

Er I SN

Xo

Considering h as a map h: (I", 01", J" 1) —(X, A, x¢),
h~f
via homotopy that tacks on increasingly longer segments of F'.
= [f1=J.([h)

= kerd C imy,.

. imyg, = kerd



3 Fibrations

e The motivation behind fiber bundles is that it is a type of map that gives a long
exact sequence of homotopy groups.
— Its distinguishing feature is that all of its fibers are homeomorphic.
— They arise in all sorts of geometry such as tangent bundles.

— They are a generalization of covering spaces where fibers do not have to be
discrete, but they don't have the unique lifting property.

Homotopy lifting property wrt X: A map p : E — B has this property iff V homo-

topies g; : X — B and ¢y : X — F lifting gy, then 3 a homotopy ¢g; : X — FE lifting

A

X —— B

p: E — B is called a fibration if it has this property wrt all spaces X.

e Every fiber bundle is a fibration and every covering space is a fibration

Theorem 4.41. Suppose p : E — B is a fibration. If by € B,xg € F = p~(by).
Then,
Ds T (B, Fyxg) — m(B, bo) is an isomorphism

Hence, if B is path-connected, 3 a LES:
o T (F,x0) —=— 7, (E, g o (B, by)
5
Tn—1(F,xg) —— -+~

> 7T0(E,$0>



Example: Hopf Fibration
Let £ =53 B=S%F=S"
Define p : S? — S? by

p:(21,22) = (2217, |21)* — |22)%)

where
SP={(21,22) € C* | |’ + ||* = 1}

and
S?={(z,2) ECxR| |z +2° =1}

This map p is a fiber bundle (all fibers are homeomorphic — S') and hence a fibration.

By Theorem 4.41, this is exact:
7T2(S3> — 72(82) — 7T1<Sl) — 7T1(SS)
Fact: m;(53) =0 for i = 1,2 and m;(S*) = 0 for all 1 > 2.

= 0 — m(S?) = Z — 0 is an exact sequence

= WQ(SZ)rgﬂl(Sl)gZ
Also, this sequence is exact:
7T3<Sl> — 7T3(S3) — 7'('3(52) — 7T2(Sl)

= 0> m(5%) 5 m(S?) =0

Fact: m3(S%) 2 7Z

= 7T3(S2) =7

—  This is not analogous to homology where higher dimensional homology groups
were trivial (i.e., H,(S*) = 0 for all n > k).



